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The cohomology of the symmetric
groups, Hopf rings, and extended
symmetric powers

Abstract: The direct sum of the cohomology groups H*(X,; V®") of
the symmetric group X,, on n objects, with coefficients in the represen-
tation given by the n*" tensor power of a graded algebra V, is endowed
with a very rich algebraic structure. Precisely, it is a Hopf ring, a ring
object in the category of cocommutative coalgebras.

In my talk, | will recall the definition of Hopf ring, and | will show the
aforementioned structure can be used to effectively perform computa-
tions in the cohomology rings above. | will then discuss the relation
with the cohomology of the extended symmetric powers of topological
spaces, which are widely used by topologists. This is mostly based on
an article published in 2023 by myself, Paolo Salvatore, and Dev Sinha.
Finally, | will briefly discuss applications of this framework (some of
them more recent): an algebraic one to finite reflection groups, and
a topological and representation theoretic one to unordered flag mani-
folds.
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